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ABSTRACT

In two-level logic synthesis, the typical input specification is a set
of minterms defining the on set and a set of minterms defining the
don’t care set of a Boolean function. The problem is to synthe-
size an optimal set of product terms, or cubes, that covers all the
minterms in the on set and some of the minterms in the don’t care
set. In this paper, we consider a different specification: instead of
the on set and the don’t care set, we are given a set of numbers,
each of which specifies the number of minterms covered by the in-
tersection of one of the subsets of a set of A cubes. We refer to the
given set of numbers as an intersection pattern. The problem is to
deterimine whether there exists a set of A cubes to satisfy the given
intersection pattern and, if it exists, to synthesize the set of cubes.
We show a necessary and sufficient condition for the existence of
A cubes to satisfy a given intersection pattern. We also show that
the synthesis problem can be reduced to the problem of finding a
non-negative solution to a set of linear equalities and inequalities.

1. INTRODUCTION

Two-level logic synthesis is a well-developed and mature topic [1,
2]. The typical input specification for a two-level synthesis prob-
lem is the on set and the don’t care set (or in some cases, the off set)
of a Boolean function. The on set and the don’t care set consist of
minterms that define when the function evaluates to one and when
its evaluation can be either zero or one, respectively. The problem
is to synthesize an optimal set of product terms, or cubes, that cov-
ers all the minterms in the on set and some of the minterms in the
don’t care set.

In this work, we consider a related yet different problem per-
taining to the synthesis of a set of cubes. A set of cubes, besides
defining a Boolean function, also defines a set of numbers, each of
which corresponds to the number of minterms covered by the in-
tersection of one of the subsets of the set of cubes. For example,
given a set of three cubes on four variables o, z1, 2, 3, which
are co = xo N\ x1, ¢c1 = x2, and c2 = x1 A x3, the numbers
of minterms covered by co, c1, c2, co A c1, co A ¢c2, ¢1 A c2, and
coNc1 ANegare 4, 8,4,2,2,2, and 1, respectively. We refer to this
set of numbers as an intersection pattern.

Given a set of cubes, it is trivial to get its intersection pattern.
However, it is nontrivial to answer the reverse problem: given a set
of numbers that corresponds to an intersection pattern of A cubes,
how can one synthesize a set of A cubes to satisfy the given in-
tersection pattern, or prove that there is no solution to the given
intersection pattern? We will call this the A-cube intersection prob-
lem. It is what we intend to solve in this paper. We are interested
in this problem since it is part of our broader effort to develop a
synthesis methodology for probabilistic computation [3].

Definition 1
Define V (f) to be the number of minterms contained in a Boolean
function f.
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Example 1

In a 3-cube intersection problem on 4 variables xo, . . .

are given the intersection pattern as
V(Co) = 4, V(C1) = 87 V(Cg) = 4,
V(CO A 61) = Q,V(Co AN 62) =2, V(Cl N 62) =2,
V(Co A S IA Cg) =1,

,x3, if we

we can synthesize a set of cubes co = xo N x1, c1 = 2, and
c2 = x1 A x3 to satisfy the intersection pattern. [

2. PRELIMINARIES

In this section, we will first introduce some basic definitions and
then give a formal definition of the A-cube intersection problem.
Some of the basic definitions are adopted from [4].

The set of n variables of a Boolean function is denoted as
To,...,Tn—1. For a variable z, x and Z are referred to as literals.
A Boolean product, or product, is a conjunction of literals such
that « and = do not appear simultaneously. A minterm is a Boolean
product in which each of the n variables appear once, in either its
complemented or uncomplemented form.

In the geometrical interpretation, a Boolean product is also known
as a cube, denoted by ¢, and a minterm is also referred to as a ver-
tex of the entire Boolean space. If cube c» takes the value one
whenever cube c; equals one, we say that cube c; implies cube c2
and write as ¢; C c2. If cube ¢; implies cube cz, then we have
V(ci1) < V(e2). If c1 A ca = 0, we say that cube ¢; and ¢ are
disjoint.

If a cube c contains k literals (0 < k < n), then the number of
vertices contained in the cube is V() = 2"~*. Note that when a
cube contains 0 literals, it is a special cube ¢ = 1, which contains
all vertices in the entire Boolean space. There is another special
cube called empty cube, which is ¢ = 0. The number of vertices
contained in an empty cube is V(c) = 0. Thus, the number of
vertices contained in a cube is in the set S = {s|s = Oors =
2" k=0,1,...,n}.

To make the representation compact, we use the following defi-
nitions.

Definition 2
Given a cube ¢ and v € {0, 1}, define

o = 1, ify=0
c, ify=1

Given a set of \ cubes co, . . ., cx—1 and an integer ' = Zj;ol ~7i2,
where y; € {0, 1}, define C" to be the intersection of a subset of
cubes ¢; withy; = 1,ie., C* = A2} ). O

Definition 3 '
Given an integerI' = Zg\z_ol 72", where y; € {0, 1}, define B(T")
to be the number of ones in the binary representation of I, i.e.,

B(T) =307 O

With the above definition, we can more formally define the \-
cube intersection problem as follows:



Givenn > 0, A > 0, and 2* — 1 numbers v1,va, ... Vgr_, € S =
{s|]s = 0ors = 2 k = 0,1,...,n}, determine whether there
exists a set of A cubes ¢y, ...,cx—1 onn variables xq, ..., Tn_1,

such that forany 1 < T < 2* — 1, V(C") = ur.

We refer to the vector of numbers (v1,...,v,x_1) as an inter-
section pattern on \ cubes, or simply as an intersection pattern.
If a set of A cubes co, ..., can—1 satisfies the property that for any
1 <T <2*—1,V(C") = vr, then we say that the set of cubes
satisfies the intersection pattern (vi, ..., Uox_q).

For convenience, we represent a cube as a cube-variable row
vector and a set of cubes as a cube-variable matrix. These are
defined as follows.

Definition 4

Given a nonempty cube c on n variables xo, ..., xn—1, We repre-
sent it by a cube-variable row vector U of length n, whose elements
are from the set {0,1,*}. If the j-th (0 < j < n — 1) element
U; = 1, then the literal =; appears in the cube c; if U; = 0, then
the literal Z; appears in the cube c; if U; = *, then the cube c does
not depend on the variable z ;.

Given a set of A\ nonempty cubes co,...,cx—1 on n variables
Zo,...,Tn—1, We represent them by a cube-variable matrix D of
size A X m, so that the i-th row of the matrix is the cube-variable
row vector of ¢;. OJ

For example, a set of two cubes co = xo A Z1 and ¢c1 = To A 22
is represented as a cube-variable matrix

1 0 =
0 = 1
Given a cube-variable row vector, the following simple lemma

suggests how to obtain the number of vertices covered by the cor-
responding cube.

Lemma 1
If the cube-variable row vector of a nonempty cube contains k *’s,

then the cube covers 2* number of vertices. O

Definition 5
For a value a in {0, 1, «}, the negation of a is defined as
1, ifa=0
a=10, ifa=1
*, ifa =%

The negation of a cube-variable matrix (column vector) is the element-

wise negation of the matrix (column vector). [

In what follows, we will say that a cube-variable matrix satis-
fies the given intersection pattern if the corresponding set of cubes
satisfies the intersection pattern. The following lemma is straight-
forward.

Lemma 2
Suppose that a cube-variable matrix D satisfies the intersection pat-
tern (vi,...,vox_y). Then D' satisfies the same intersection pat-

tern if D’ is obtained from D by column permutation or column
negation. [

3. A SPECIAL CASE OF THE \-CUBE
INTERSECTION PROBLEM

Here we consider a specific case in which vyx _; > 0. First, we
have the following theorem, which gives a necessary condition for
A cubes to satisty the given intersection pattern.

Theorem 1
Ifvyx_y > 0 and there exist A cubes to satisfy the A-cube intersec-

tion problem, then forany 1 < T' < 22X — 1, vr can be represented
asvr = QkF, where 0 < kr < n is an integer. [J

PROOF. Based on Definition 2, for any 1 < I' < 2* — 1,
c? -1 C C". Therefore,

0< vy, =V <V(CY) = vr.

Since forany 1 < T' < 2* — 1, ur € S and vr > 0, therefore,
there exists an integer 0 < kr < n, such that vp = okr

In what follows, we will assume that there exist A cubes to satisfy
the given intersection pattern. Then, there exist 2 — 1 integers
ki,...,kox_q such that forany 1 < I' < 2N — 1, op = 2Fr,
Further, notice that V' (C°®) = 2™. We let vg = 2" and ko = n.

Without loss of generality, we could assume that each entry of
the cube-variable matrix is either 1 or *. Since /\?;01 ¢; # 0, then
for each column of the matrix D, it does not simultaneously contain
botha 0 and a 1. Otherwise, /\?:_01 ¢; = 0. Therefore, each column
of the matrix D contains either only 0’s and *’s or only 1’s and
x’s. By Lemma 2, if we negate those columns of the matrix D
that contain only 0’s and *’s, then the new matrix D’ obtained still
satisfies the given intersection pattern. The matrix D’ only contains
1’s and #’s.

Definition 6 _

Given any 0 < T < 2> — 1, suppose that T = E?;OI ~:2°, where
~vi € {0,1}. Define ¢r to be a column vector of length \ with
elements from the set {1, x}, such that the i-th element (0 < i <
A—1)ofitis

1, I'f’yi:O

(|
*, if’y¢:1

(¥r), I{

For example, if A = 3, then o = (1,1,1)T and v5 = (x,1,%)7T.
Since each column of the cube-variable matrix only contains 1’s
and «’s, each column D.; is in the set {to, ¥1,...,Por_1}-

Definition 7

Forany 0 <T' < 2* — 1, define Jr to be the set of indices of the
columns in the matrix D of the form yr, i.e., Jr = {j|D.; = ¢r}.
Define zr to be the cardinality of the set Jr. [

Definition 8

Given two integers A and B, let their binary representation be A =
S F ) a2 and B = Y71 b;2°, where a;, b; € {0,1}. We write
A > Bwhenforany0 <i<k—1,a; > b;. 00

The following theorem gives relation between {zo, ... 2ox_1}
and {ko, ..., kox_1}.

Theorem 2
Forany0 < L < 2* — 1, we have

ko= Y (1)

0<T<2A-1.T>=L
]

PROOF. Since the total number of columns in matrix D is n,
A
we have 21%251 zr = n = ko, or Z zr = ko. Thus,
0<I'<2A —1:T'>0
Equation (1) holds for L = 0.

Now consider 1 < L < 2* — 1. Then L can be represented as
L=3""g2"% wherel <r < Xand0 <l <+ <l <
A — 1. Then, C* represents the intersection of the set of cubes
Clys---,Cl The ¢-th entry in the cube-variable row vector of
their intersection CT is * if and only if the column D.; has *’s
on the row lo,l1,...,l-—1. Therefore, the number of *’s in the
cube-variable row vector of their intersection CT is the number of

r—1°



columns in D, whose entries on the row lo, 1, . ..

or
E Zr.

0<r<2*—1:
(r)ig="=@r),._, ==

,lr—1 are all *’s,

On the other hand,by Lemma 1, since V (C L ) = 2kL | the num-

ber of *’s in the cube-variable row vector of C'* is k.. Therefore,
we have

ki = > = oo @

0<r<2*—1: 0<Tr<2*—1:
(Yr)ig=-=0r), _; == Vg ==V, =1

where L = Z;;é 2% and T = 0 72"
By Definition 8, we can rewrite Equation (2) as

kL = Z Zr.

0<I<2X—1.">L

O

Note that Equation (1) is a linear equation in 2o, . .., 291 _; and
holds forall 0 < L < 2* — 1. Therefore, we can derive a system

of 2* linear equations on unknowns zo, . . ., Zox _;:

> zr=kp, forL=0,1,...,22 —1. (3

0<I'<2A—1:I'>=L

We can represent the above system of linear equations in matrix
form, as shown by the following theorem.

Theorem 3
Let vectork = (ko, . .., kox_1)T and vector Z = (2o, . . .

Then we can represent the system of 2 linear equations (3) in ma-
trix form as

-

RA\Z =k, @

where Ry is a2 x 2* square matrix recursively defined as follows:

Rlz{(l) ﬂ,Ri:|:Rio—1 g2:1:|7f0ri:2,“‘7)\. 0

Due to space constraints, we omit the proof.
It is not hard to see that det(Rx) = 1. Therefore, R} is invert-
ible. The following theorem shows what R} * is.

Theorem 4
Ry ! is recursively defined as follows:

N B e P P
e N

Therefore, given ko, k1, . .
as z = R;llg.

Since forany 0 < I' < 2* —1, 2r is the cardinality of the set Jr,
therefore, zr must be a non-negative integer. By Theorem 4, R;l

is an integer matrix. Therefore, 2o, . .., 2,1 _; are always integers.
Thus, a necessary condition for the existence of \ cubes to satisfy

the given intersection pattern is that the vector R;l k has all entries
non-negative. From Equation (4), we can see that the intersection

pattern (2%, ..., 222 1) only depends on 20, . . ., zyr _;. There-

.y kox_q, wecan get 2o, 21, . . ., Z9x

fore, as long as the vector R;ll_c' has all entries non-negative, there
exist A cubes to satisfy the given intersection pattern. In fact, we
can construct A cubes with their cube-variable matrix as follows:
forany column0 < j <n—1lof D,wecanfinda0 <I' < 2* 1
such that 31"} 2 < j < 31 2 — 1. Then, we let D.; = ¢r.
In summary, we have the following corollary.

7Z2>‘71)T'

},fori:Q,...,)\. (|

Corollary 1
The necessary and sufficient condition for the existence of A cubes

to satisfy the given intersection pattern (2F1, ... 2k2*—1) is that
the vector R;lk has all entries non-negative, where
k= (n,k1,... kon_1)T and R;l is defined in Theorem 4. [J

Example 2

Given vy, = 4, v = 4, and vs = 1, determine whether there exists
a set of 2 cubes cp and c1 on 4 variables to satisfy the intersection
pattern (v1,v2,v3).

Solution: From the given conditions, we have k = (4,2,2,0)7.
Since

-1 -1 1
0 -1
1 -1)>
0 1

1
-1 |0 1
Ry =1g o
0 0
then by Equation (4), we get 7 = (0,2,2,0)T. Therefore, there
are two 11 ’s and two 12 ’s in the cube-variable matrix of co and c; .
One realization of the cube-variable matrix is

* x 1 1
1 1 % =%

and the corresponding cubes are co = x2 A x3 and ¢c1 = o A x1.
O

4. GENERAL )-CUBE INTERSECTION
PROBLEM

In this section, we consider the more general situation where
vyx ;1 > 0. Since we consider a set of nonempty cubes co, . .., cx—1,
we assume that forany 0 < i < X\ — 1, vy: = V(¢;) > 0. Further,
notice that V' (C°) = 2™. We let vg = 2".

4.1 Necessary Conditions on the Positive vr’s

We first have the following theorem applicable for numbers vr >
0.

Theorem 5

If there exist A\ cubes co, . ..,ca—1 to satisfy the intersection pat-
tern, then forany 1 < L < 2* — 1 such that vy, > 0, we have that
forany1 <T' < 2* — 1 such that L =T,or >0.0

PROOF. Forany 1 <T' < 2* —1suchthat L > T, it is not hard
to see that C* C CT. Therefore,

0<wvp=V(C") <V(C") =ur.
|

If a set of cubes is pairwise non-disjoint, then it has the following
property.

Lemma 3

If a set of v cubes ¢y, ...,c;,_, B3<r < AN0<Il<- <
lr—1 < X\ — 1) is pairwise non-disjoint, i.e., forany 0 < 7 < j <
r —1,a,; Ay # 0, then their intersection /\:;01 ci; is nonempty.

PROOF. By contraposition, suppose that /\:;OI c;;, = 0. Con-
sider the cube-variable matrix on these r cubes. Since their inter-
section is empty, there exists a column in the matrix that contains
both a 0 and a 1. The cube corresponding to the O entry and the
cube corresponding to the 1 entry are disjoint. This contradicts the
assumption that the given set of cubes is pairwise non-disjoint. []

Alternatively, Lemma 3 can be stated on the numbers vr. This
gives a necessary condition for the existence of a set of cubes to
satisfy the given intersection pattern.



Theorem 6

Suppose that there exist \ cubes co, ..., cx—1 to satisty the given
intersection pattern. If a set of r (3 < r < X) numbers 0 < [y <
coo < lp—1 < X — 1 satisfies that forany 0 < ¢ < j < r —1,
>0, thenfor L = 37— 2%, vy > 0.0

Y(2li42l)

For example, suppose that in a 4-cube intersection problem we
are given v3 > 0, v9 > 0, and v19 > 0. If there exist 4 cubes to
satisfy the given intersection pattern, then since V(co A ¢1) > 0,
Vieco Aeg) > 0, and V(c1 A c3) > 0, we must have vy; =
V(Co VAN IAY 63) > 0.

For the convenience, we first give the following definition.

Definition 9
Define

P={Tj0<T<2"—1andvr > 0},
Z={T0<T <2~ 1andvr = 0}.
Forany 0 <14 < ), define
P, ={r0<Tr <2*—-1,B(') =4, and vr > 0},
Zi={rjo<r<2*—1,BI) =i, andvr =0}. [

From the definition of P and Z, we have the following obvious
lemma, which gives a necessary condition on the existence of A
cubes to satisfy the given intersection pattern.

Lemma 4
If X cubes co, . .., ca—1 satisfy the given intersection pattern, then

foranyT' € P,C" #0andforanyT € Z,C" =0.0

However, by the following theorem, the above necessary condi-
tion could be reduced to the condition that forany T" € P, CT #£ 0
and forany T' € Z», C" = 0.

Theorem 7
Suppose that the given intersection pattern satisfies both Theorem 5
and 6:

1. Foranyl < L < 2* — 1, ifvr >0, then forany 1 < T' <
2> — 1 such that L =T,vr >0.

2. Forany setof r (3 < r < X) numbers 0 < [y < -+ <
lr—1 < A —1, if it satisfies that forany 0 < i < j <r —1,
Ugti poliy > 0, then for the number L = Z:;Ol 2l yp, > 0.

Then, a necessary and sufficient condition for a set of A\ nonempty

cubes to satisfy the condition that for any ' € P, C* # 0 and for

anyT € Z, CY = 0 is that for any T € P», C* # 0 and for any

e Z,C"=0.0

PROOF. The necessary part of the theorem is obvious, since the
set P> is a subset of the set P and the set Z> is a subset of the set
Z.

Now we prove the sufficient part. Suppose that a set of cubes
satisfies that forany I' € P>, CT # Oand forany I' € Z,, CT = 0.

It is not hard to see that the sets Pp, ..., Py form a partition of
the set P and that the sets Zy, ..., Zy form a partition of the set
Z. Thus, we only need to prove that for all 0 < k < ), the set of
cubes satisfies the condition that for any I' € Py, C* # 0 and for
any ' € Zy, CT = 0.

We first consider the case that k = 0. By convention, vg > 0.
Thus, Py = {0} and Zy = ¢. Since C® = 1, thus we have that for
any I' € P, cr # 0. Since Zy = ¢, the statement that for any
T € Zo, C" = 0 also holds.

Now we consider the case that k = 1. Since we assume that for
any 0 < ¢ < A—1, v, > 0, therefore, P, = {2°]: =0, ..., =1}
and Z1 = ¢. Since co, ..., cx—1 are all nonempty, thus we have
that for any T' € Py, CT # 0. Since Z; = ¢, the statement that for
any I' € 73, CT = 0 also holds.

When k = 2, the statement that the set of cubes satisfies that for
any ' € P, C¥ # 0 and for any T' € Zo, C* = 0 obviously
holds.

Now we consider the case that k& > 3. First, we consider any
L € Py. Suppose that L = Z:;Ol 2% where 3 < r < \ and
0<lp<: - <lp—1 <A—1. Then,forany0 <¢ < j <r—1,
L = (2% 4 2%). Therefore, based on the given condition, we have
Uggti 4oty > 0. Since B(2k + 2L = 2, thus (2% + 2%) € P».
By the assumption that for any I' € P, C¥ # 0, we have that

C’(Qli“lj) =a, Na; # 0. Thus, the 7 cubes ¢, ..., ¢, , are
pairwise non-disjoint. By Lemma 3, then C* = /\f;& a, # 0.
Therefore, for any L € Py, cr #0.

Now we consider any L € Zj. Suppose that L = Z::_OI ol
where 3 < 7 < Aand 0 < g < - < l—1 < A—1. We
argue that there exist two numbers 0 < v < v < r — 1, such
that U(glu 42lv) = 0. Otherwise, forany 0 < 7 < 7 < r —1,
Vigti 1ol > 0. Then, based on the given conditions, we have
vr, > 0. Therefore, it contradicts the assumption that L € Zj.
Thus, there exist two numbers 0 < u < v < r — 1, such that
Vgalu oy = 0. Since B(2'* + 2') = 2, thus (2 +2") €
Z>. By the assumption that for any I' € Zs, CT = 0, we have
that C"“+2"") = ¢, A¢, = 0. Thus, C¥ =
Therefore, forany L € Z,, Ct' =0. O

r—1
im0 €1, = 0.

For any I' € P, we assume vr = 2*r where 0 < kr <nisan
integer. Since vg = 2", we let kg = n. First, we give the following
definition.

Definition 10

Given a cube-variable matrix D on A cubes co, . ..,cx—1, we de-
fine root cube-variable matrix (D) of D as the cube-variable ma-
trix formed by replacing the 0 entries in D with 1’s and keeping
the other entries in D unchanged. The set of cubes cj, . ..,ch_1
corresponding to the root matrix is called the set of root cubes to
the original set of cubes. [J

For example, the root matrix of the cube-variable matrix
1 0 = . 1 1 =
0 % 1 18 1o 1]°
The set of root cubes is ¢j = xg A 1 and ¢} = zo A x2.

Based on the definition of the set of root cubes, it is not hard to
prove the following lemma.

Lemma 5
Suppose that the set of root cubes to the set of original cubes
€0y...,Cr—1 18 C4y...,Cr_y. Then, for any I' € P, we have

V™) =v(ch). O

Since the root matrix ¢(D) is a matrix containing only 1’s and
*’s, we can apply the definition of zr in Definition 7 to ¢(D). Then,
based on the fact that for any I' € P, V(C'") = V(C") = 2*r,
it is not hard to show that the following theorem characterizing the
relation between zr’s and k1’s holds.

Theorem 8
If there exist A cubes to satisfy the given intersection pattern, then

forany L € P,
Z Zr = kL. O

0<I'<2A—1:I'>L

4.2 A Necessary and Sufficient Condition

In this section, we will show a necessary and sufficient condition
for the existence of a set of cubes to satisfy the given intersection
pattern. As a byproduct, the proof provides a way of synthesizing
a set of cubes to satisfy the given intersection pattern. First, we
define the compatible column pattern set for a number I' € Z.



Definition 11 ) ‘

Suppose that I' € Zy and ' = 2" + 27, where 0 < i < j <
A — 1. The compatible column pattern set for I is the set of column
vectors W of length X\ with entries from the set {0, 1, *}, such that

1. Wi=0andW; =1orW; =1and W; =0,

2. for any number L € P, such that L = 2k 4+ 21, where 0 <
k < I < X\ — 1, the situation that Wy, = 0 and W; = 1 or
Wi = 1 and W; = 0 does not happen. [J

It is not hard to see that if a cube-variable column vector is in the
compatible column pattern set for a I' € Zs, then the negation of
that cube-variable column vector is also in that set. Therefore, we
define the representative compatible column pattern set as follows.

Definition 12

The representative compatible column pattern set pr forI' € Z»
is a subset of the compatible column pattern set for I' such that the
first non-+ entry of each element in the representative set is 0. [J

Example 3
Consider a 4-cube intersection problem with

P> = {(0011)2, (0101)2, (1001)2},
Zs = {(0110)a, (1010)2, (1100)2}.

The compatible column pattern set for ' = (0110)2 € Z5 is
{(x010)7, (+x101)7, (x011)%, (+100)7, (x01%)", (+10%)"}.

The representative compatible column pattern set for
' = (0110)2 is {(x010)T, (x011)T, (x01%)T}. O

Definition 13

We define the set Y as the union of the representative compatible
column pattern sets pr for all" € Z>,ie.,Y = UFeZz pr. We
define the set F' as the union of the set Y and the set of patterns

contain only 1’s and +’s, i.e., F' = U?igl{wi} uY. O

Lemma 6
If there exists a cube-variable matrix D to satisty the given intersec-
tion pattern, then there exists another matrix D' which also satisfies

the given intersection pattern and each column of which is in the set
F.0O

PROOF. First, we argue that for any column of D which con-
tains both a 0 and a 1 entry, the column is in the compatible column
pattern set of a certain I' € Z,. In fact, if a column r (0 < r <
n — 1) of D has the i-th entry being 0 and the j-th entry being 1,
where 0 < ,5 < A — 1and ¢ # j, then it is not hard to show that
the column is in the compatible column pattern set for the number
(27' —+ 2J) € Zs.

We can construct a D’ from D as follows. For any column 0 <
r<A—1:

1. If D., contains only 1’s and *’s, we let D', be D.,.. Then
D', is in the set Ufial{z/)z}

2. If D., contains only 0’s and ’s, we let D', be the negation
. . >\_
of the column D.,.. Then D', is in the set J>_, ' {¢:}.

3. If D., contains both a 0 and a 1 and the first non-* entry of
D.,. is 0, we let D!, be D... Then, there exists a ' € Z»
such that D’,. is in the set pr.

4. If D., contains both a 0 and a 1 and the first non-* entry
of D.,- is 1, we let D!, be the negation of the column D.,..
Then, there exists a I' € Z» such that D’ is in the set pr.

Then, by the above construction, each column of D’ is in the set
F. Further, D’ is obtained from D by column negations. Thus, by
Lemma 2, D’ also satisfies the given intersection pattern. []

Based on Lemma 6, we only need to answer whether there exists
a cube-variable matrix with columns from the set F' to satisfy the
given intersection pattern.

Lemma 7

If a cube-variable matrix D with columns from the set F' satisfies
the given intersection pattern, then for any I' € Zs, there exists a
column in D which is in the set pr. [

PROOF. For any I' € Z, suppose that ' = 2° + 27, where
0 < i < j < X — 1. Since the cube-variable matrix satisfies the
given intersection pattern, then based on Lemma 4, for the I' € Zs,
we must have CT = 0 or ¢; A c¢; = 0. Thus, there must exist a
column r in D, such that D;,, = 0 and D, = 1 or D;, = 1 and
D, = 0. Now consider any I, € P». Suppose that I, = 2% 4 2,
where 0 < k < [ < A — 1. Since the necessary condition for the
cube-variable matrix to satisfy a given intersection pattern is that
for the L € P, C* # 0, the situation that Dy, = 0 and D;, = 1
or Dy, = 1 and D;, = 0 cannot happen. Therefore, the column r
of D is in the compatible column pattern set for I'. Further, since
all the columns of D are in the set F', then column r must be in the
set pr. [J

By the similar definition of root cube-variable matrix, we define
root column vector as follows.

Definition 14

Given a column vector W with each element in the set {0, 1, x},
define its root column vector (W) as the column vector obtained
from W by replacing the 0 entries in W with 1°s and keeping the
other entries in W unchanged. [

Definition 15

We define the set M to be the set of numbers 0 < T' < 2* — 1 such
that there exists an element in the set Y, whose root column vector
is Yr, i.e.,

M={I0<T<2*—1, st IW €Y st t(W)=1r}.

Define M as M = {T|J0 <T'<2* —1,T' ¢ M}.

For any I' € M, we define the set Yr to be the set of elements
in the set Y such that their root column vectors are iYr, i.e., YT =
{WIW €Y andt(W) =r}. O

Example 4
For the intersection pattern shown in Example 3, we have Z> =
{6,10, 12} and

ps = {(x010)7, (x011)7, (x01%)"},
pro = {(x001)", (x011)", (x0 % 1)},
pr2 = {(x010), (x001)T, (x * 01)7}.
Thus,
Y = {(x010)", (x001)", (x011)", (x x 01)", (x0 + 1)T, (x01%)" },
M = {1,3,5,9},

andY; = {(x010)7, (x001)", (x011)"}, Y3 = {(*+01)"}, Y5 =
{(*0 * l)T}, and Yy = {(*01*)T O

Definition 16

Forany " € M, we let the |Yr| elements in the set Yr be
or.0,---,0r,|yp|—1- Forany 0 < i < |Yr| — 1, we define Kr ; to
be the set of indices of the columns in the matrix D of the form dr ;,
ie., Kr; = {k|D.x = 0r,}. We define wr; to be the cardinality
of the set Kt ;. U

Theorem 9
Suppose that there exists a cube-variable matrix D to satisfy the
given intersection pattern, whose columns are from the set F'. Then,



we have that for any I' € M,

[Yr|-1
wr,; < zr, (@)
i=0

where zr’s are defined on the root matrix t(D) according to Defi-
nition 7 and wr ;s are defined on the matrix D according to Defi-
nition 16. We also have that for any L € Z,

) wr > 1. ©6)

FeM,0<i<|Yp|—1:
or,i€pPL

d

PROOF. Considerany I' € M. For any number k € UL‘;FO"I Kr,
the column vector D.j is in the set Yr. Thus, the root column
vector of D. is ¥r. Thus, k € Jpr, where Jr is defined on the

root matrix ¢(D). Therefore, UL}:’FOI_I Kr; C Jr. As a result,
UL K| < 1l or S5 s < 2

By Lemma 7, for any L € Za, there exists a column in D which
is in the set pr. Suppose that column is of the form dr= ;= € pr,
where I'"" € M and 0 < ¢ < |Yp«| — 1. Thus,

E wr,i-

reM,0<i<|Yp|—1:
ori€pL

1 <wrx i+ <

O

Example 5
For the intersection pattern given in Example 3, based on the result
shown in Example 4, we have

61,0 = (x010)", 81,1 = (x001)", 61,2 = (x011)7,
830 = (% 01)" 850 = (0 % 1)", 890 = (x01%)".

The set of equations (5) for allI' € M in this example is

wr,0 < zr, forany " € {3,5,9}
w10 + w11 +wi2e < 21

The set of equations (6) for all L € Z in this example is

wi,0 + wi,2 +wgo > 1
w11 +wi2 + wso > 1 O
w10 +wi,1 +ws3o > 1

Finally, based on the necessary conditions for the existence of a
cube-variable matrix to satisfy the given intersection pattern, shown
in Theorem 5, 6, 8, and 9, we can derive a necessary and sufficient
condition.

Theorem 10
There exists a cube-variable matrix D to satisfy the given intersec-
tion pattern (vi, . . ., vyn_q ) Iif and only if

1. forany1 < L < 2* — 1, ifvr > 0, then forany 1 < I' <
2> — 1 such that L =T,vr >0,

2. forany set of r (3 < r < A) numbers 0 < lp < -+ <
lr—1 < XA —1, if it satisfies that forany 0 < i < j <r —1,
Vigty yolsy > 0, then for the number L = Z:Ol 2l v >0,

and

3. the system of equations on unknowns zr (forall0 < T' <
2* — 1) and dir,; (forallT € M and 0 <14 < |Yr| — 1)

> 5r=kyg, forallL € P
0<I<2A—1:.T'>L

[Yp|—1
Z wr,; < Zr, foralll' € M )
1=0
Z wr,; > 1, forall L € Zs
reM,0<i<|Yp|—1:
or,i€pL

has a non-negative integer solution. []

PROOF. “only if” part: Statement 1 in the theorem is due to
Theorem 5 and Statement 2 in the theorem is due to Theorem 6.

Since D satisfies the given intersection pattern, then by Lemma 6,
there exists another matrix D’ which also satisfies the given inter-
section pattern and each column of which is in the set F'. For any
0<TI < 2N — 1, let Zr = zp, where zr’s are defined on the
root matrix ¢(D’) according to Definition 7. For any I' € M and
0 <1< |Yr|—1,letwr,; = wr,;, where wr ;’s are defined on the
matrix D’ according to Definition 16. By Theorem 8 and 9, the set
of numbers Zr and wr; satisfies the system of equations (7). Since
Zr is the cardinality of the set Jr and wr; is the cardinality of the
set K ;, therefore, Zr’s and wr ;’s are all non-negative integers.
Thus, the system of equations (7) has a non-negative solution.

“if” part: Let a non-negative solution to the system of equa-
tions (7) be Zr = zr, forall 0 < I' < 2* —1, and @Wr; = wr;, for
alll € Mand0 <4 < |Yp| — 1. Since forall 0 < T' < 2* — 1,
zr > 0,forallT" € Mand 0 < i < |Yp| — 1, wr; > 0, and for
alT € M, Y gfolfl wr,; < zr, then, we can construct a cube-
variable matrix D so that

1. for all T' € M, the matrix contains zr columns of the form

Yr,

2. for all I' € M, the matrix contains zr — )
columns of the form ), and

3. forallT' € M and all 0 < ¢ < |Yr| — 1, the matrix contains
wr,; columns of the form dr ;.

[Yp|-1

=0 wr,i

All columns of the matrix D are in the set F'. Next, we prove that
the matrix D satisfies the given intersection pattern.

Forany L € Zs, suppose L = 2°4-27, where 0 < i < j < A—1.
Since Z wr,k > 1, there exists a I'* € M and a

reM,0<k<|Yp|—1:
or,k€PL
0 < k"< |YF*| — 1, such that dr= k= € pr and wr= = > 1.
Therefore, the matrix D contains a column from the set pr,. Based
on the definition of pr,, Cct=¢ A ¢; = 0. Thus, forany L € Z>,
ct=o.

Now consider any L € P». Suppose L = 2° 427, where 0 < i <
§ < XA —1. We argue that CT = ¢; Acj # 0. Otherwise, ¢; Ac; =
0. Therefore, there exists a column r in D, such D; = 0 and
Dj, =1or Ds = 1and Dj, = 0. Since all the columns of D are
in the set F', thus the column D., must be in the set Y. However,
based on the definition of representative compatible column pattern
set, each element W in the set Y satisfies that for the L € P>, the
situation that W; = Oand W; = 1 or W; = 1and W; = 0
does not happen. Therefore, the column D., does not belong to the
set Y. We get a contradiction. Thus, for any L € P>, we have
ct #o.

Since the given intersection pattern satisfies the conditions of
Theorem 7, then, based on Theorem 7, we have that forany I' € Z,
CT = 0 and for any I' € P, cr # 0. Thus, for all these I € Z,
V(C") =vr = 0.

Now consider any L € P. When L = 0, it is not hard to see that
the total number of columns in D is n.

Forany L € P and L > 0, L can be represented as L =

T o2, wherel <7 < Xand0<lp <+ <l <A—1



Since C* # 0, the number of *’s in the cube-variable row vec-
tor C'* is the number of columns in D, whose entries on the row
lo,11,...,ly_1 are all #’s. Note that for any 0 < T < 2* — 1, the
column pattern ¢r has all entries on the row lo, {1, ..., l,—1 being
*’s if and only if I' > L. Since the root column vector of dr ; is
¢r, thus for any I' € M and any 0 < ¢ < |Yp| — 1, the column
pattern dr; has all entries on the row lo,l1,...,[,—1 being *’s if
and only if I' >= L. Therefore, the number of columns in D, whose
entries on the row lo, l1,...,l-—1 are all x’s, is

[Yp|—1 [Yp|-1
E zr + E 2r — E wr,; | + E E wr,q
TeM: reM: i=0 reM: i=0
F%L =L =L
= E Zr = kL.

0<I<2 —1:.T'=L

Therefore, the number of *’s in the row vector C¥ is k. Since
C* # 0, by Lemma 1, V(C*) = 2*¢. Thus, for any L. € P and
L>0,V(CF) =2 =g,

In summary, the matrix D has n columns and forany 1 < I" <
2* 1, V(C’F) = wor. Thus, the matrix D satisfies the given
intersection pattern. [

Comment: The above proof provides a way of synthesizing a cube-
variable matrix to satisfy the given intersection pattern when the
three conditions are all satisfied.

Example 6
In a 3-cube intersection problem on 4 variables xo, . . .
pose that the intersection pattern is given as

, L3, Sup-

1)1:4,'02:4,1)3:0,'1}4:4,1)5:1,1)6:2,’07:0.

First, it is not hard to check that both Statement 1 and Statement
2 in Theorem 10 hold for the given pattern.
By convention, vo = 2% = 16. Therefore, we have
P:{0’172’47576}’ Z:{377}7
ko=4,k1 =2,ka =2,ks =2,ks =0,ke = 1.

For the given intersection pattern, we have Z; = {3} and p3 =
{(01%)7}.

Thus, Y = {(01x)T}, M = {4} and Y1 = {(01%)"}. Thus,
(54,0 = (01*)T.

The system of equations (7) in this example is

Zo+zZi+ 22+ 23+ 23+ 240+ 26+ 27 =4,

ZltZ3+ 25+ 27 =2, Zo+Z3+ 2+ 27 =2,

Za+Zs+ 26+ 2r=2, Zs+2z2r=0, zZs+zr=1.

Wa,0 < Z4, Wap0 > 1

®)

The above system of equations (8) has a non-negative solution

Z1=23=Z21=2s=1,20 =20 =25 = Zr = 0,W4,0 = 1.

Thus, Statement 3 in Theorem 10 also holds. Therefore, there
exists a cube-variable matrix to satisfy the given intersection pat-
tern. Based on the proof of Theorem 10, we can synthesize a cube-

variable matrix that satisfies the given intersection pattern based on
the above non-negative solution as

* x 0 1
1 x 1 =x
1 1 % x

and the corresponding cubes are co = T2 N x3, c1 = To A X2, and
c2 = xo A x1. It is not hard to verify that the set of cubes co, c1, c2
satisfies the given intersection pattern. []

S. IMPLEMENTATION

In this section, we will discuss the implementation of the proce-
dure to solve the A-cube intersection problem, based on the theories
in Section 4.

5.1 Checking Statement 1 in Theorem 10

For Statement 1 in Theorem 10, we can represent it in an alter-
native way, which is shown by the following theorem.

Theorem 11
The following two statements are equivalent:

1. The intersection pattern (v1, . . . , Uyx_ ) Satisfies that for any
1<L<2)—1,ifvy >0, thenforanyl <T <2 -1
such that L > T", vpr > 0.

2. The intersection pattern (v1, . . ., Uyx _q ) satisfies that for any
2<k<MXandany L € Py, if1 <T < 2> —1 satisfies that
B(I)=k—1andL =T, thenvr > 0.0

Based on Theorem 11, in order to check whether Statement 1
in Theorem 10 holds, we only need to check whether Statement 2
in Theorem 11 holds. Thus, whether Statement 1 in Theorem 10
holds can be checked by the procedure shown in Algorithm 1.

Algorithm 1 CheckRuleOne(\, v): the procedure to check whether State-
ment 1 in Theorem 10 holds. It returns 1 if the statement holds; otherwise,
it returns 0.

1: {Given an integer A > 1 and a non-negative integer array v =
(Ula---yv2/\,1)~}

2: fori < 1to Ado

33 P« {T0<T<2*-1,B(T) =4, andvr > 0};

4: fori < 2to Ado

5: forall L € P;do

6: forall1 <T <2* —1st. L>Tand B(T)=4— 1do
7: if vr = 0 then return 0;

8: return 1;

5.2 Checking Statement 2 in Theorem 10

Whether Statement 2 in Theorem 10 holds can be checked by
representing the given intersection pattern by an undirected graph
and listing all maximal cliques of the undirected graph.

For a given intersection pattern on A cubes, we can construct an
undirected graph G(N, E) from that pattern, where NN is a set of
A nodes no,...,nx—1 and E is a set of edges. There is an edge
between the node n; and n; (0 < ¢ < j < A— 1) if and only if the
number (2° + 27) is in the set Ps.

For example, we can represent the intersection pattern shown in
Example 3 by the undirected graph shown in Figure 1.

o

n n:
ny

Figure 1: An undirected graph constructed from the intersection pattern of
Example 3.

In graph theory, a cligue in an undirected graph G(N, E) is de-
fined as a subset @) of the node set IV, such that for every two nodes
in @, there exists an edge connecting the two. A maximal clique
is a clique that cannot be extended by including one more adjacent
node.

For an intersection pattern, if a set of 7 (3 < 7 < X) numbers
0< o <+ <lr—1 <A —1satisfies that forany 0 < 7 < 5 <
r—1, Vioti yabi) > (0, then, the set of nodes ny,,...,n; forms
a clique of the undirected graph constructed from the intersection
pattern. Thus, Statement 2 in Theorem 10 can be stated in another
way as: For any clique Q = {nq,...,n,_,} of size r in the
undirected graph constructed from the intersection pattern, where
3<r<Aand0 < g <+ <lp—1 < A—1, the number vy, > 0,
where L = Y7~ 2" In fact, it is not hard to see that if Statement
1 in Theorem 10 holds, then Statement 2 in Theorem 10 holds if
and only if for any maximal clique Q* = {nq,, ..., naq,_, } of size
t in the undirected graph constructed from the intersection pattern,

r—1



Algorithm 2 CheckRuleTwo(\,v): the procedure to check whether
Statement 2 in Theorem 10 holds under the assumption that Statement 1
in Theorem 10 holds. It returns 1 if the statement holds; otherwise, it re-
turns 0.

1: {Given an integer A > 1 and a non-negative integer array v =
(v1,-.. ,UQ,\_l).}

2: N <= {ng,...,nx1h E < ¢;

3:fori < 0toX—1do

4 forj<i+1toX—1do

5: if v(giyosy > Othen B <= E'U {e(ni,n;)};

6: for all maximal clique @ in the graph G(N, E) do

7 L<:Zzn7€Q 2i;

8 if v;, = 0 then return 0;

9: return 1;

where 3 <t < Aand0 < dp < --- < di—1 < A — 1, the number
v+ > 0, where L* = Z: é2d Therefore, whether Statement
2 in Theorem 10 holds can be answered by checking whether all
vr’s corresponding to all maximal cliques in the undirected graph
G(N, E) are greater than zero. The problem of listing all maxi-
mal cliques in an undirected graph is a classical problem in graph
theory and can be solved, for example, by the Born-Kerbosch algo-
rithm [5].

Assuming that Statement 1 in Theorem 10 holds, then whether
Statement 2 in Theorem 10 holds can be checked by the procedure
shown in Algorithm 2.

5.3 Checking Statement 3 in Theorem 10

The following theorem shows that to check whether the system
of equations (7) has a non-negative solution, we only need to check
whether an alternative system of equations with fewer unknowns
has a non-negative solution.

Theorem 12
The system of equations (7) has a non-negative integer solution if
and only if the system of equations on unknowns Zr (forallT’ €

M) and tr; (foralll € M and0 <4 < |Yr|—1)

[Yr|—1

Sow+ YN dri=ki, forallLe P

TreM,['>L reM,I'~L =0
- )
E Wr,; > 1, forall L € Z»
reM,0<i<|Yp|—1:
ori€pL

has a non-negative integer solution. [

Due to space constraints, we omit the proof here.

Based on Theorem 12, to check whether Statement 3 in Theo-
rem 10 holds, we only need to check whether the system of equa-
tions (9) has a non-negative solution. Note that the system of equa-
tions (9) has | M| fewer unknowns and | M | fewer inequalities than
the original system of equations (7). Thus, a certain amount of
computation will be saved.

5.4 The Procedure to Solve the A»-Cube
Intersection Problem

Based on the above discussion, we give the procedure to solve
the A-cube intersection problem in Algorithm 3. In the procedure,
the function CheckRuleOne(\, v) and the function
CheckRuleTwo (A, v) are shown in Algorithm 1 and 2, respectively.
The function RCCPS(T', A, P») returns the representative compati-
ble column pattern set for a I' € Z5. The function

SetEqn(P, Z27M7M, {kL|L S P}, {pL|L S ZQ}7 {YL|L S M})

returns the matrices A, Awe, Aw and the column vectors be and

b in the matrix representation of the system of equations (9), which

is

AzeZ+ ApeW =0

ze o we e, ( 1 0)
AW > b,

where 7 is a column vector of unknowns Zr, for all I' € M, and
0 is a column vector of unknowns wr;, forall ' € M and 0 <
i < |Yr|—1. The function NonNegSIn(A.c, Awe, be, Aw, b) finds
a non-negative integer solution to the system of equations (10). If
the system of equations (10) has a non-negative integer solution,
then the function returns one; otherwise, it returns ¢. Given a
non-negative solution (2, W) to the system of equations (10), the
function SynCubes(Z, W, A) synthesizes a set of A cubes from that
solution based on the proof of Theorem 10.

Algorithm 3 CubePattern(n, A, v): the procedure to check whether there
exists a set of A cubes on n variables to satisfy the given intersection pattern
v = (v1,...,V9x_1). If the answer is yes, the procedure returns a set of

cubes that satisfies the intersection pattern; otherwise, it returns ¢.

1: {Given integers n > 1, A > 1, and a non-negative integer array v =
(V1,.-,v9r_), wherevp € {0,20,21,.. .27} )
P<<=¢;Z < ¢
fori < 1t0o 2> — 1do

if vp > Othen P <= P U {T'}; kr < log, vr;

else Z < ZU{T}
. if CheckRuleOne(\, v) = 0 then return ¢;
: if CheckRuleTwo(A, v) = O then return ¢;
P ={T0<T <2 ~1,B(T) =2, andor > 0};
i Zo <= {I)0<T <2) —1,B(I") =2, and vr = 0};
s forallT € Zy do pr = RCCPS(T', \, P):
11: YV < UFEZZ AT
122 M <= {Tj0<T <2*—1, s.t. IW € Vst t(W) = ¢r};
13: M<={Tj0<T<2* -1, g M};
14: forallT' € M do Yr <= {W|W €Y and ¢(W) = yr};
15: (Aze, Awe, be, Aw, b) <= SetEqn(P, Za, M, M,

(k| '€ P}, {prIL € Z2}, {YL|L € M}):;

16: (Z,w) < NonNegSIn(A.e, Awe, be, Aw, b);
17: if (Z, W) = ¢ then return ¢;
18: return SynCubes(Z,w, \);

SO X RQUNEWY

6. CONCLUSION

In this paper, we introduced a new problem, the \-cube inter-
section problem: Given a set of numbers corresponding to an in-
tersection pattern of a set of A cubes, we are asked to synthesize a
set of cubes to satisfy the given intersection pattern, or prove that
there is no such a solution to the problem. We provide a rigorous
mathematic treatment to this problem and derive a necessary and
sufficient condition for the existence of a set of cubes to satisfy
the given intersection pattern. The problem reduces to two sub-
problems of listing all maximal cliques in an undirected graph and
checking whether a set of linear equalities and inequalities has a
non-negative integer solution. As a future work, we will use the
algorithm presented to solve the A-cube intersection problem as a
subroutine to solve our more broader problem of synthesizing com-
binational logic for probabilistic computation.
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